We prove the following middle-dimensional non-squeezing result for analytic symplectic embeddings of domains in R 2n .
Introduction
Let ω 0 = n i=1 dx i ∧ dy i be the standard symplectic form on R The Gromov's non-squeezing theorem (see [Gro85] or [HZ94] ) states that if ϕ(B R ) ⊂ Z r , where ϕ is a symplectic (open) embedding, then r ≥ R.
Symplectic diffeomorphisms are volume preserving, due to the fact that they preserve the multiple of the volume form ω 0 n , but the non-squeezing theorem shows that, unlike volume preserving diffeomorphisms, they also present two-dimensional rigidity phenomena.
Since symplectic diffeomorphisms preserve the 2k-form ω 0 k for every integer 1 ≤ k ≤ n, after Gromov's pioneering result one may ask if there are also middle dimensional rigidity phenomena. Some work in this direction, concerning symplectic embeddings of polydisks, has been done by Guth. In [Gut08] he considers symplectic embeddings of a polydisk Γ := B 2 (R 1 ) × . . . × B 2 (R n )
with R 1 ≤ . . . ≤ R n into a polydisk Γ ′ := B 2 (R In this paper we proceed in a different way, namely we keep the ball as domain of symplectic embeddings and in order to search for middle dimensional non-squeezing phenomena we follow the strategy pursued in [AM13] .
First, as in [EG91] , we introduce an alternative formulation of Gromov's theorem, which is that the two-dimensional shadow of the image of a radius R ball in R 2n under a symplectic diffeomorphism has area at least πR 2 .
More precisely the claim is that every symplectic embedding ϕ : B R ֒→ R 2n satisfies the inequality area(P ϕ(B R ), ω 0|V ) ≥ πR 2 ,
where P denotes the symplectic projector onto a symplectic plane V , i.e. the projector along the symplectic orthogonal complement of V .
This second formulation easily implies the classic one. On the other hand, if it were area(P ϕ(B R ), ω 0|V ) < πR 2 , then, by a theorem of Moser's (see [Mos65] or [HZ94] ), there would exist a smooth area preserving diffeomorphism φ : P ϕ(B R ) → B 2 r ∩ V for some r < R, and then the symplectic embedding (φ × id V ⊥ ) • ϕ mapping B R into Z r would violate the classic formulation of Gromov's theorem.
The alternative formulation of Gromov's theorem has a natural generalization to higher dimensional shadows of a symplectic ball.
In other words, if V is a 2k-dimensional symplectic subspace of R 2n and P is the symplectic projector onto V , we may ask whether it is true that
for every symplectic embedding ϕ : B R ֒→ R
2n
.
If k = 1 or k = n the inequality holds respectively by the non-squeezing theorem and by the volume preserving property of symplectic diffeomorphisms.
So we are interested only in the middle dimensional case when 2 ≤ k ≤ n−1.
If the symplectic diffeomorphism ϕ is a linear map an affirmative answer to the middle dimensional non-squeezing question has been given in [AM13] , nevertheless in the same paper Abbondandolo and Matveyev show that if P is the symplectic projector onto a 2k-dimensional symplectic subspace with 2 ≤ k ≤ n−1, then for every ǫ > 0 there exists an open symplectic embedding
Since this counterexample deforms very strongly the unitary ball, one may ask how far can the ball be deformed before the middle non-squeezing ends his validity and whether the middle dimensional non-squeezing holds locally. In [AM13] the authors give two different formulations of the local question.
The first one asks whether, fixed a symplectic embedding ϕ :
, the inequality
holds for any x ∈ D and for R positive and small enough.
The second formulation is the following.
Let us fix a path of symplectic embeddings of the unit 2n-dimensional ball
such that ϕ 0 is linear (i.e. it is the restriction to B 1 of a linear symplectomorphism).
We would like to know whether there exists a positive number t 0 ≤ 1 such that
The second formulation implies the first one by taking the path of symplectic
in fact
In this setting Abbondandolo, Bramham, Hryniewicz and Salomão [ABHS15] have recently proved that if the symplectic projection is onto a 4-dimensional symplectic subspace V , then both these local non-squeezing results hold (in the first formulation the diffeomorphism is required to be C
3
). In this paper we address the same question but we do not impose for any assumption on the dimension of V , instead we require an analiticity hypothesis. First we focus on the second local formulation of the middle dimensional non-squeezing and we prove its validity under the additional assumption that the path of embeddings t → ϕ t is analytic in t, i.e. ∀x ∈ B 1 the function t → ϕ t (x) is analytic.
Theorem 1 (Analytic local non-squeezing). Let [0, 1] ∋ t → ϕ t be an analytic path of symplectic embeddings ϕ t : B 1 ֒→ R 2n , such that ϕ 0 is linear.
Then the middle dimensional non-squeezing inequality
To prove this theorem we need some ingredients.
In Section 1 we recall some facts about contact geometry together with some results about the minimal action of a Reeb orbit in a contact manifold and we introduce Zoll contact manifolds (also known as regular contact type manifolds), namely manifolds with the property that all Reeb orbits are periodic with the same period.
In Section 2 we prove a weaker version of the main theorem in [BP14] , which says that if a constant volume deformation of the unit ball does not start tangent to all orders to a deformation by convex domains with Zoll boundaries (i.e. the deformation is not formally trivial ), then the minimal action A min on the ball is strictly larger than the one of its small deformations. In Section 4 we will see that this result implies the validity of the nonsqueezing inequality (4) for not formally trivial deformations of the unit ball.
On the other hand in case of a formally trivial deformation we will have to proceed in a different way. Namely, using some results from Section 3, we will prove that if the deformation of the ball is analytic and trivial then the
) is analytic and has all vanishing derivatives in t = 0. This will enable us to deduce that the function above is constant and consequently that the equality in (4) holds.
Using Theorem 1 we will deduce the local non-squeezing formulation for any fixed analytic symplectic embedding. Moreover, in this latter setting we will prove that, on compact subsets of R 2n , the minimal radius R for which the estimate (3) holds is bounded away from 0. More precisely we shall prove the following result. 
Zoll contact manifolds and minimal action
Let us start recalling some basic facts in contact geometry.
is a volume form. In this case (M, α) is called contact manifold and the volume of M with respect to the volume form induced by α is denoted by V ol(M, α).
Moreover the contact form α induces a vector field R α on M, which is called the Reeb vector field of α and is determined by the requirements:
The action A(γ) of a periodic Reeb orbit γ on a contact manifold (M, α)
is defined as
and coincides with the period of γ.
Definition 3. Given any contact manifold (M, α) with at least a closed Reeb orbit we define a function as follows
Both the volume and the function A min are invariant under strict contactomorphism. Indeed we have the following simple result. 
Another straightforward fact we will use is the following.
function and define the set
are strictly contactomorphic.
Indeed the radial projection θ :
x is a strict contactomorphism:
Now we introduce a special type of contact form.
Definition 6. A contact form on a manifold M is Zoll (or regular ) if its Reeb flow is periodic and all the Reeb orbits have the same period, and hence the same action.
For example the contact form λ 0|S 2n−1 , induced on the unit sphere S
by the standard Liouville 1-form
Zoll. Later on we will consider two different kinds of deformations of a contact form: formally trivial and not formally trivial.
Definition 7. A smooth deformation α t , t ∈ [0, t 0 ), of a contact form α 0 is trivial if there exists a smooth real valued function r(t) and an isotopy φ t such that α t = r(t)φ negative m there exists a trivial deformation α (m) t that has order of contact m with α t at t = 0. Otherwise the deformation is not formally trivial.
If instead of deformations of contact forms we choose to consider deformations of convex domains, we give the following definition.
Definition 8. Consider a smooth convex domain C 0 ⊂ R 2n with the stan-
formally trivial, resp. not formally trivial ) if θ * t (λ 0|∂Ct ) is trivial (resp. formally trivial, resp. not formally trivial), where θ t : S 2n−1 → ∂C t is the radial projection.
It is a result by Weinstein that trivial deformations of a Zoll contact form can be characterized in the following way.
, be a smooth deformation of a Zoll contact form α 0 . The deformation is trivial if and only if α t is a Zoll contact form for every t ∈ [0, t 0 ).
In our case it will turn out that every contact deformation can be reduced to a normal form.
Definition 10. Let α t = ρ t α 0 be a smooth deformation of the Zoll contact form α 0 , where ρ t is a smooth family of positive functions on M, and let m be a non negative integer. The deformation α t is in normal form up to order m if
where, for i = 1, . . . , m, the functions µ
are integrals of motion for the Reeb flow of α 0 (i.e. they are constant on the orbit of that flow) and r t is a smooth function on M depending smoothly on the parameter t.
Using a technique known as the method of Dragt and Finn (see [DF76] and [Fin86] ), which consist of constructing the required isotopy as composition of isotopies φ 
Proof. This essentially follows from the fact that if u ∈ M is a minimum point for ρ, then the Reeb orbit γ of (M, α) passing through u is also a Reeb orbit for (M, ρα). Once one checks this by a straightforward computation,
we have that the action of γ in (M, ρα) is
and the proof is complete.
We shall make use of the following classical result. 
Moreover, restricting to smooth convex domain of R 2n , the function A min is a symplectic capacity that we will denote with c.
Due to the two theorems above, the function A min (∂C, λ 0|∂C ) is well defined.
Besides the usual proprieties of a capacity, choosing in a carefully way one among the equivalent definitions of c, the following result can be proved.
Proposition 15.
[AM15] Let C ⊂ R 2n be a smooth convex bounded domain and P the symplectic projector onto a symplectic linear subspace V ⊂ R 2n .
Then c(P C, ω 0|V ) ≥ c(C, ω 0 ).
Deformations of S 2n−1
In this section we would like to get some information on how A min behaves in case of a contact deformation on the unit sphere. The results we are going to state hold in the case of an arbitrary Zoll contact manifold, but in this paper we are interested just in deformations of the standard contact form on the sphere S 2n−1 , so we can simplify the proof about the Lipschitz continuity of A min that relies on a result from [Gin87] .
Lemma 16. Fix two real numbers 0 < δ < ∆ < ∞ and consider the family
continuous with respect to the Hausdorff distance.
Proof. Let us take two elements C, D ∈ C δ,∆ and let d be their Hausdorff distance.
By assumption
and by the monotonicity and conformality proprieties of symplectic capacities
Because of the pinching condition we have c(D) ≤ c(∆B) = ∆ 2 π and d ≤ ∆, thus there exists a fixed real number M > 0 such that 
is Lipschitz continuous on U with respect to the C 0 -topology.
The map A min (S 2n−1 , (1 + f )λ 0|S 2n−1 ) is well defined because, as observed in Remark 5, looking for a periodic orbit of (S 2n−1 , (1 + f )λ 0|S 2n−1 ) is the same as looking for one of (M √ The map f → A min (S 2n−1 , (1 + f )λ 0|S 2n−1 ) is the composition of the maps
), the first of which is clearly Lipschitz from the C 0 -distance to the Hausdorff distance. So in order to prove the Lipschitz regularity result we need to show that the minimal action (which is a capacity) of a periodic orbit on a convex domain whose boundary is close to S The next theorem is a weaker version, which suits in our case, of the one in [BP14] which holds for every Zoll contact manifold. The proof is the same except that in our setting we do not need to use a stronger result about the Lipschitz continuity that generalizes Lemma 17.
Theorem 18. Consider a domain U ⊂ R 2n and a smooth simple curve
, be a smooth constant volume deformation of the Zoll contact manifold (S 2n−1 , µ 0,y 0 := λ 0|S 2n−1 ). If it is not formally trivial, the function t → A min (S 2n−1 , µ t,y(t) ) attains a strict local maximum at t = 0.
Proof. To simplify the notation we will denote µ t,y(t) by µ t and, since y(t) depends smoothly on t, we will consider that everything depends just on t.
The proof is carried out in four steps.
1) First we consider the form (1+tν t +t m r t )µ 0 , where m > 1 and both ν t and r t are smooth function on S 2n−1 depending smoothly on t. By Lemma
2) Let (1+t m ρ+t m+1 r t )µ 0 be a deformation of µ 0 and ρ the function obtained by averaging ρ along the orbits of the Reeb vector field of µ 0
where T is the common period of the periodic orbits of the Reeb flow ϕ t .
According to the induction step of the proof of Theorem 11, there exists a contact isotopy φ
where r ′ t is a smooth function depending smoothly on t.
3) If (1 + t m ρ + t m+1 r t )µ 0 is a smooth constant volume deformation and ρ is not identically zero, then
for t = 0 small enough.
To prove this claim, first note that by 2) and 1) follows
Since ρ is an integral of motion for the Reeb flow of µ 0 and m is a positive integer, we have that (1+t m ρ) is a positive (for small t) integral of motion of µ 0 , thus Proposition 12 implies that
The deformation (1 + t m ρ + t m+1 r ′ t )µ 0 is constant volume because contact isotopies preserve the volume. By the proprieties of the exterior derivative
and thus the integral of ρ over S 2n−1 is zero. Therefore, if in addition t = 0 and ρ is not identically zero, the extrema of ρ must have opposite signs and hence its minimum must be negative. Putting together this fact with (6) and (7), we deduce that the function t → A min (S 2n−1 , (1+t m ρ+t m+1 r t )µ 0 ) attains a strict maximum at t = 0, namely
4) We are finally ready to prove the theorem. Let us consider a constant volume deformation µ t of the Zoll contact form µ 0 . By Gray's stability theorem we can assume that the contact deformation has the form µ t = ρ t µ 0 . Expanding ρ t around t = 0, we obtain
where ρ (1) = dρ t dt | t=0 and r t is a smooth function depending on t. By 3), if the average ρ (1) is not identically zero, then t → A min (S 2n−1 , µ t ) attains a strict maximum at t = 0.
Otherwise, if ρ (1) is identically zero, by 2) there exists a contact iso-
is a contact isotopy, then (1 + t 2 r ′ t )µ 0 is also a constant volume smooth deformation of µ 0 and A min (S 2n−1 , (1 + t 2 r ′ t )µ 0 ) = A min (S 2n−1 , µ t ), so we can rewrite µ t = (1 + t 2 r ′ t )µ 0 and start anew. If we repeat this process an arbitrary number of times, we see that either t → A min (S 2n−1 , µ t ) attains a strict maximum at t = 0 or that for any positive integer m, there exist a contact isotopy φ depending smoothly on the parameter t, such that
In other words, either t → A min (S 2n−1 , µ t ) attains a strict maximum at t = 0 or the deformation µ t is formally trivial.
Analiticity of the volume of a projection
Our next goal is to prove that the fixed domain formulation of the local middle dimensional non-squeezing theorem holds if we consider an analytic path of symplectic embeddings.
To do this we need a result, whose proof relies on calculations made in order to prove Theorem 3 of [AM13] .
an analytic map such that ϕ t,y are embeddings of the unit n-dimensional ball ϕ t,y : B 1 ֒→ R n , with ϕ 0,y 0 linear. Moreover, let P : R n → V be the orthogonal projector onto a k-dimensional linear subspace V ⊂ R n and ρ a constant kvolume form on V . Then the function (t, y) → V ol k (P ϕ t,y (B 1 ), ρ) is analytic in a neighbourhood of (0, y 0 ) small enough.
In the proof we will use the following lemma.
Lemma 20. Take the hypothesis of the proposition above. The set S t,y ⊂ ∂B 1 defined as S t,y := {x ∈ ∂B 1 |P |T ϕ t,y (x) ϕt,y(∂B 1 ) is not surjective} (8)
has the property that ∂P ϕ t,y (B 1 ) = P ϕ t,y (S t,y )
and can be written as
where F t,y (x) :
. If (t, y) is in a small enough neighbourhood of (0, y 0 ), S t,y is a submanifold of ∂B 1 such that S t,y = φ t,y (S k−1 ), where φ t,y is an analytic path of diffeomorphisms.
Proof. First observe that (9) is an immediate consequence of the definition of S t,y . The function P |T ϕ t,y (x) ϕt,y(∂B 1 ) is not surjective if and only if
This is true iff ∃u ∈ R k , u = 0, such that < P Dϕ t,y (x)[ξ], u >= 0 ∀ξ ∈ T x ∂B 1 , i.e. ∀ξ such that < ξ, x >= 0. Since u = P u and P = P *
and thus the non surjectivity holds iff Equivalently
which is the same as
Now, consider the analytic function G(t, y, x) :
. We have that ϕ 0,y 0 = Dϕ 0,y 0 because ϕ 0,y 0 is linear, hence G(0, y, z) = 0 if z ∈ S 0,y 0 . Applying the analytic implicit function theorem we deduce that, for (t, y) close to (0, y 0 ), S t,y is a submanifold of ∂B 1 and S t,y = φ Proof. Take a primitive α ∈ Ω k−1 (V ) of the volume form ρ ∈ Ω k (V ), i.e.
dα = ρ.
As observed in the former lemma ∂P ϕ t,y (B 1 ) = P ϕ t,y (S t,y ) and applying
Stokes' theorem we get
where φ t,y : S k−1 → S t,y is the diffeomorphism introduced in the proof of the lemma above. For (t, y) close to (0, y 0 ), the function (t, y) → P ϕ t,y φ t,y is analytic and this implies the analyticity of (t, y) → S k−1 (P ϕ t,y φ t,y ) * α.
In fact, we can write S k−1 (P ϕ t,y φ t,y ) * α = S k−1 a t,y (x)ν where a t,y is analytic. Differentiating under integral sign, from the Taylor expansion of a t,y
we get a local series expansion of the function (t, y) → S k−1 (P ϕ t,y φ t,y ) * α = V ol k (P ϕ t,y (B 1 ), ρ), which is therefore analytic.
Local non-squeezing
In the following B 1 indicates the unit ball in R 2n and P : R 2n → V the symplectic projection onto a 2k-dimensional symplectic linear subspace
. At first, we are interested in proving the local non squeezing formulation for a path of symplectic embeddings starting from a linear one and to do so we will use the middle dimensional linear non-squeezing result.
Theorem 21. [AM13], [AM15]
Let P be the symplectic projector onto a
The equality holds if and only if the linear subspace
where J is the standard complex structure on R 2n .
We complete the above result by the following:
Addendum 22. The equality holds if and only if (P L(B 1 ), ω 0|V ) is symplec-
The following result is useful to prove Theorem 21 and the addendum as well.
Proof. (Addendum) If a symplectomorphism exists, by Lemma 23 we have
But at the same time
, hence the equality holds. On
To prove the claim we reduce it to the easier case in which P is orthogonal. First we take an ω-compatible
such that P is orthogonal and we denote with 
If we take N = Lψ, M = P N and we denote with * ′ the adjoint of a matrix
The identity ψJ
thus we obtain
and the claim is proved.
In order to gain some information about the strong formulation of the local non-squeezing inequality we study the function t → V ol 2k (P ϕ t (B 1 ), ω k 0|V ).
Proposition 24. Consider a domain U ⊂ R 2n and a smooth simple curve
smooth path of symplectic embeddings ϕ t,y(t) : B 1 ֒→ R 2n , such that ϕ 0,y 0 is linear and ϕ −1 0,y 0 V is J-invariant. The deformation of P ϕ 0,y 0 (B 1 ) given by P ϕ t,y(t) (B 1 ) can be either formally or not formally trivial:
• if the deformation is formally trivial, then every order m ∈ Z + deriva-
• if the deformation is not formally trivial, then the strict middle dimensional non-squeezing inequality V ol 2k (P ϕ t,y(t) (B 1 ), ω Let us call M t,y(t) := ∂P ϕ t,y(t) (B 1 ) and consider two 1-forms: the Liouville form λ 0|ψ −1 M t,y(t) and its pullback µ t,y(t) := θ t,y(t) * (λ 0|ψ −1 M t,y(t) ), where θ t,y(t) :
Later we will use the capacity c, which is defined only for convex domains, so let us notice once for all that, for small deformations, ϕ t,y(t) (B 1 ) is still convex and that the projection of a convex domain is still convex.
Now we compute the relations between the volume of the deformations.
Using Stokes' theorem we get
On the other hand, since (ψ −1 M t,y(t) , λ 0|ψ −1 M t,y(t) ) and (S 2k−1 , µ t,y(t) ) are strictly
it follows V ol(S 2k−1 , µ ′ t,y(t) ) = 1 and in particular that µ Observing that closed characteristics in (S 2k−1 , µ ′ t,y(t) ) are the same as in (S 2k−1 , µ t,y(t) ) we can establish the relations between the minimal action of their closed Reeb orbits
Since θ t,y(t) is a strict contactomorphism between (ψ
and (S 2k−1 , µ t,y(t) ), we also get
where ψ is a symplectomorphism.
Thus the quantities A min (ψ −1 M t,y(t) , λ 0|ψ −1 M t,y(t) ) and c(ψ −1 P ϕ t,y(t) (B 1 )) are equal respectively to A min (M t,y(t) , λ 0|M t,y(t) ) and c(P ϕ t,y(t) (B 1 )). Notice that the Weinstein conjecture holds in the convex case (Theorem 13), hence a closed characteristic for (M t,y(t) , λ 0|M t,y(t) ) always exists, moreover by Theorem 14 the quantities above are well defined.
Now let us take a deformation (S 2k−1 , µ , that could be either formally trivial or not formally trivial.
Suppose the former to be true, which is equivalent to say that the deformation P ϕ t,y(t) (B 1 ) is formally trivial.
In this case, in the last part of the proof of Theorem 18 we deduced that for every m ∈ Z + there is a contact isotopy φ t,y(t) such that
The volume function is invariant by contact isotopy, so
By the definition of ρ(t) the above equality is equivalent to
Therefore each of m-order derivatives of V ol 2k (ψ −1 P ϕ t,y(t) (B 1 ), ω k 0|ϕ
Now we suppose that (S 2k−1 , µ ′ t,y(t) ) (equivalently P ϕ t,y(t) (B 1 )) is not formally trivial. By Theorem 18 and the previous calculations, if t is small enough the following inequality holds
So, recalling that A min (M t,y(t) , λ 0|M t,y(t) ) = A min (ψ −1 M t,y(t) , λ 0|ψ −1 M t,y(t) ) and
But from the behaviour of the capacity c respect to symplectic projections (Proposition 15), we deduce
and hence the result.
From this result we cannot deduce the general local non-squeezing inequality (4) because in the general case we cannot say much if a trivial deformation occurs. Nevertheless, if the deformation is analytic, the local nonsqueezing inequality follows easily as consequence of the proposition above.
Proof. By Theorem 21 we have that V ol 2k (P ϕ 0 (B 1 ), ω Therefore, in the case of a not formally trivial deformation P ϕ t (B 1 ) there is nothing to prove. Otherwise, if the deformation is formally trivial, the function t → V ol 2k (P ϕ t (B 1 ), ω k 0|V ) has vanishing derivatives in 0, but we know by Proposition 19 that if t is small enough this function is analytic and hence constant. Thus we get V ol 2k (P ϕ t (B 1 ), ω
Note that to prove the theorem it was sufficient to use Proposition 24 in the case where the curve y(t), on which the path t → ϕ t,y(t) depends, is a constant curve, but the same proof leads to a generalization of Theorem 1 to the case in which y(t) is an arbitrary analytic curve. Thanks to this remark we can say something more about the fixed symplectic embedding formulation of the local non-squeezing, but before we state a couple of lemmata.
First a result on the local structure of the zero set of an analytic function. f (x 1 , . . . , x n ) be a real analytic function in a neighbourhood of a point y = (y 1 , . . . , y n ) in R n and assume that x n → f (y 1 , . . . , y n−1 , x n ) is not identically zero. There exist numbers δ j > 0, j = 1, . . . n, and a neighbourhood Q n (where we define Q k := {(x 1 , . . . , x k ) | |y j − x j | < δ j , 1 ≤ j ≤ k}) such that the zero set Z := {x ∈ Q n | f (x) = 0} has a decomposition
where the set V 0 is either empty or consists of the point y alone, while for 1 ≤ k ≤ n − 1 we may write V k as a finite disjoint union 
for every fixed x ∈ D we can apply Theorem 1 to the path r → ϕ r,x and we deduce the first part of the theorem.
Now we prove the estimate on compact sets.
Define a function
f (x, r) := V ol 2k (P ϕ r,x (B 1 (0)), ω
which f is positive. Now we consider an arbitrary compact set K ⊂ D. As we have just seen, to every x 0 ∈ D we can associate two positive real numbers r x 0 and ǫ x 0 . The balls of radius ǫ x 0 centred in an arbitrary x 0 ∈ K produce an open cover of K. From this cover we can extract a finite subcover of balls of radius ǫ x i and if we define r 0 as the minimum in the set of the corresponding r x i we get the result.
